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Abstract. G. Tian and S.K. Donaldson formulated a conjecture relating GIT 
stability of a polarized algebraic variety to the existence of a Kahler metric of 
constant scalar curvature. In |Don02| Donaldson partially confirmed it in the 
case of projective toric varieties. In this paper we extend Donaldson's results 
and computations to a new case, that of reductive varieties. 



Around 1997 G. Tian and S.K. Donaldson formulated a conjecture relating GIT 
stability of a polarized algebraic variety to the existence of a Kahler metric of 



constant scalar curvature, see |Tia97[ ITiaOOl ITia02| and |Don97al lDon97bl inon02] . 



The general idea of such a relationship has been known as a "folklore conjecture" 
for a long time. It comes naturally from earlier works of Yau and Tian. 

Here, we will refer to the Donaldson's version of the conjecture (|l.ll below), 
since we will make a strong use of notations and results developed in Don02'. 
In this beautiful paper Donaldson partially confirmed conjecture II. II in the case of 
projective toric varieties, where his arguments are based on the following foundation 
blocks: 

(1) a very well-known correspondence between projective toric varieties and 
lattice polytopes (see e.g. |Ful93l IOda8 8 ) : 

(2) a somewhat lesser-known correspondence between convex piecewise linear 
functions on polytopes and equivariant degenerations of projective toric 
varieties (see e.g. |KSZ92j or Ale02 ); and 

(3) the general framework developed by Guillemin and Abreu |Gui941 IAbr98| 
which relates invariant Kahler metrics on projective toric varieties to convex 
functions on the corresponding polytopes. 

Now let G be a complex reductive group with Weyl group W. Then to every 
T4^-invariant maximal-dimensional lattice polytope P in the weight lattice of a max- 
imal subtorus of G one can, in a rather elementary way, associate an equivariant 
projective normal compactification Vp of G, generalizing the correspondence (1) 
above. 

On the other hand, in jAB02al IAB02bj the first author and M. Brion built a 
theory of degenerations parallel to (2), and obtained an answer that is formally 
very similar: Any W-invariant rational convex PL function on P defines a W- 
invariant subdivision of P and a degenerating family V ^ C in which every fiber Vt 
with t 7^ is isomorphic to V and the special fiber Vo is a stable reductive variety 
in the sense of ;AB02allXBn2b] . 
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The purpose of this paper is to extend the Guillemin-Abreu-Donaldson theory 
and results and computations of jDon02j to this new and much larger class of projec- 
tive G-compactifications and reductive varieties. In particular, our Theorem 13. 71 is 
a generalization of one of the main results of _DouP2_. We use Theorem 3.7 together 
with Donaldson's examples |Don02| of polarized toric surfaces that do not admit 
metrics of constant scalar curvature to produce new non-toric examples. Instead 
of 2-dimensional toric, our examples are 8-dimensional reductive varieties. 

The paper is organized as follows; In Section 2 we review the relevant definitions 
and results from 'Don02'. In Section 3 we recall some results about reductive vari- 
eties from |AB02a. AB02b) . In Section 4 we extend several of Donaldson's results 
from |Don02| to the case of reductive varieties. Section 5 contains examples of 
reductive varieties which do not admit Kahler metrics of constant scalar curvature. 

Acknowledgments. We are very grateful to M. Brion, S.K. Donaldson and W. Gra- 
ham for many helpful discussions, and to G. Tian and the referee for useful sug- 
gestions. The second author also would like to thank V. Apostolov for explaining 
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differential geometric aspects of the constant scalar curvature problem for reductive 
varieties. 

It is our pleasure to thank IHES, where a large part of this work was done for 
wonderful working conditions. The first author's work was partially supported by 
NSF grant 0101280. 

Throughout the paper, we will use the following 

Notations 0.1. K will denote a compact real reductive group of dimension n with 
a maximal subtorus T of dimension r. We will denote by G = Kc and H = Tc 
their complexifications. We choose a Borel subgroup B oi G and an opposite Borel 
subgroup B~ so that B D ~ H . 

Let A ~ Z*" denote the group of characters of H. It comes with an action of 
the Weyl group W and with a decomposition of Ar into Weyl chambers. Ag will 
denote the positive chamber, and S A the simple roots. 

1. Basic definitions and results from |Don02| 

The precise formulation of the conjecture relating K-stability and existence of 
Kahler metric of constant scalar curvature was given by Donaldson in |Don02| : 

Conjecture 1.1. A smooth polarized projective variety (V, L) admits a Kahler 
metric of constant scalar curvature in Ci{L) if and only if it is K-stable. 

The definition of K-stability |Don02l Def.2.1.2] involves another space Vq which 
is allowed to be a general scheme. Let J- be an ample line bundle over a projective 
scheme VF, and suppose one has a fixed C*-action on the pair {W^J-). For each 
positive integer k one has a vector space 

with a C*-action. From this, one obtains integers dk = dim Hk and Wk, the weight 
of the induced action on the highest exterior power of Hk ■ The integers dk , Wk 
are, for large k, given by polynomial functions of fc, with rational coefficients: 
dk = Q{k),Wk = P{k) say. Define F{k) = Wk/kdk- For large enough k one has an 
expansion 

F{k) = Fo + Fi/c-i + F2k-^ + ..., 
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with rational coefficients Fi. The Futaki invariant of the C*-action on {W,J-) is 
defined to be the coefficient Fi. 

Definition 1.2. A test configuration or test family for {V, L) of exponent r consists 



(1) a scheme V with a C*-action; 

(2) a C*-equivariant fine bundle £ — > V; 

(3) a flat C*-equi variant map tt : V — > C, where C* acts on C by multiplication 
in the standard way; 

such that any fiber Vt = TT^^{t) for t 7^ is isomorphic to V and the pair (V, L"^) is 
isomorphic to (Vt,£|yJ. 

Definition 1.3. The pair (V, L) is K-stable if for each test configuration for (V, L) 
the Futaki invariant of the induced action on (Vb, -Clvb) is less than or equal to zero, 
with equality if and only if the configuration is a product configuration. 

The pair (V, L) is equivariantly K-stable if one restricts oneself only to equivariant 
test configurations. For a toric variety this means i?-invariant families, and in our 
case this will mean G x G-equivariant families. 

See also the discussion in |Don02j showing that K-stability is closely related to 
assymptotic GIT stability. 

Following |Don02| we briefiy recall some facts about Mabuchi functional. It is 
a real-valued function Ai on the set of Kahler metrics in the same Kahler class 
[loq], defined up to the addition of an overall constant. The metrics of constant 
scalar curvature are critical for the Mabuchi functional. The functional is defined 
through the formula for its variation at a metric lu — loq + iddtp with respect to an 
infinitesimal change Sip in the Kahler potential: 



Here, S is the scalar curvature of uj and a is the average value of the scalar 
curvature. Therefore 6A4 is not changed if one adds a constant to 5tp, and so 
depends only on the variation of the metric. 

Definition 1.4. A functional ly on the set of Kahler potentials is defined by the 
formula 



Assume that D = ^ is an effective divisor on V representing ci{V), with 
smooth components Di (such D exists for any smooth toric variety V). Let x be a 
meromorphic form with (x) = —D and let i/ = 

Proposition 1.5 r |Don02| . 3.2.4). For any metric uj ~ ujq + 2iddtl) on V 



of 





A4{uj) = Ca{i-o) + / logi^ — j-, where Ca{i^) 



Jv 

is the linear part of Mabuchi functional. 



Now, let (V, L) be a polarized projective toric variety with a moment polytope P. 
Via the Guillemin-Abreu theory, an equivariant Kahler potential on V corresponds 
to a convex function u on the interior of P with a logarithmic asymptotic behavior 
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near the boundary. Namely, if faces are defined by linear inequalities Sk{x) > 
then 

u = Sk (x) log Sk (x) + a smooth function. 

The lattice determines standard measures dfj, on the polytope P and da on faces 
of P. In |Donfl2l 3.2.6] Donaldson establishes the following formula for the linear 
part of Mabuchi functional: 

Ca ~ {2tt)"' uda — a J ud/j^ 

On the other hand, in |Don02[ 4.2.1] Donaldson shows that Futaki invariant of an 
equivariant test configuration defined by a rational PL function / is given by a very 
similar formula 

Thus, one obtains an ingenious connection between two seemingly very different 
invariants. Donaldson uses this connection to prove, among other things, the fol- 
lowing 

Proposition 1.6 f |Donfl2| . Prop. 7.1.2). Suppose there is a function f with 
Ca{f) < 0. Then the Mabuchi functional is not bounded below on the invariant 
metrics and the manifold V does not admit any Kdhler metric of constant scalar 
curvature in the given cohomology class. 

Our aim will be to generalize these results to the reductive case. 



2. Overview of reductive varieties 

2.1. Complexes of polytopes and (stable) reductive varieties. We recall 
some of the results and constructions of AB02b . 

Lattice points A G are in bijection with irreducible G-representation E\. The 
algebra of regular functions on G can be written canonically as 

C[G] = eAGAEndi^A, and End£;A • EndE'^ C (^'EndEx+t^-Y^^^^nin- 

Let P C A be a maximal-dimensional M^-invariant polytope with vertices in A. 
Let P+ = P n A^ be the part of P lying in the positive chamber, and Cone A+ C 
M ® Ar be the cone over (1, P^). The vector space 

Rp = ffiAez©AnConoA+ End Pa 

has a natural structure of a subalgebra in C[C* x G]. It is finitely generated e.g. 
by 112023 4.8]. 

One defines Vp — ProjPp and Lp — 0(1). Then Vp is a normal projective 
equivariant G x G-compactification of group G (with G x G acting on G by left 
and right multiplication: {gi,g2)-g — 9i 992)1 and Lp is a G x G-linearized ample 
sheaf on Vp. 

The fixed point set {V'^^'^^^ , j^'^^'^^h^ toric variety with a i/-linearized ample 
line bundle. It corresponds to the same polytope P, and it comes with an action 
by WH, a semidirect product of W and H. The G x G-orbits of V are in bijection 
with WiJ-orbits of V'^''^^" and with W-orbits of faces of the polytope P. 
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Example 2.1. Take G = PGL„ embedded into V = PMai„xn = P" In this 
case, Ak is R"^^ divided into n\ Weyl chambers. The polytope P is a simplex with 
a vertex on one of the rays of the positive chamber , and the other n—1 vertices 
are its reflections under W = Sn- 

Example 2.2. In the previous example, take n = 2. The polytope P is an interval 
symmetric about the origin. The variety V = 'F^ is the wonderful compactification 
of De Concini-Procesi for PGL2. 

Example 2.3. For any semisimple group G, consider a point in the interior of A^ 
and let P be the convex hull of its M^-reflections. The corresponding variety Vp is 
called a wonderful compactification of G. 

For G = PGL3 and W = S^, P is a hexagon and P+ is a 4-gon. Note that the 
wonderful compactification of PGL3 is not toric. 

|AB02al Sec. 5] and |AB02bl Sec. 2] generalize this picture to the case of a W- 
invariant complex of polytopes, i.e. a finite Vl^-invariant collection A ~ {Pi] of 
lattice polytopes in Ak such that the intersection Pi n Pj of any two polytopes is a 
union of faces of both. Note that the polytopes need not be maximal-dimensional 
and that reductive varieties in general do not contain G. 

Theorem 2.4 ( jAB02bj . Thm. 2.8). (1) A complex of polytopes A defines a 
family of polarized stable reductive varieties {(Va,*, ^a,*)} parameterized 
by a certain cohomology group _ff^(A/M^, Aut). The choice t — 1 gives a 
distinguished "untwisted" member of this family. 

(2) V^'j^^ is a stable toric variety, a union of ordinary toric varieties corre- 
sponding to polytopes Pi in A, together with a W -action. 

(3) The G X G-orbits o/Va,* are in a bijection with WH -orbits o/V^'^^^ and 
with the set A/W. 

(4) Variety Va,* is irreducible iff A/W contains a unique maximal polytope. 
In this case, H^{A/W, Ant) = {1}. Variety Va is a G- compactification iff 
A consists of one W -invariant polytope P of maximal dimension plus its 
faces. 

Note that here we use the notion of stable reductive varieties as defined in 
|AB02bj and not the notion of K-stability. 

2.2. Nonsingular reductive varieties. In toric geometry, a lattice polytope P 
corresponds to a projective toric variety Vp together with a linearized ample sheaf 
Lp. It is well-known that the variety Vp is non-singular if and only if P is a Delzant 
polytope, i.e. at every vertex precisely dim P edges meet and the integral generators 
of these edges form a basis of the lattice. We will need the following generalization 
of this result to the case of reductive varieties, which we will use in the case of a 
single ly-invariant polytope. 

Proposition 2.5. Let A = {Pi} be a W -invariant complex of polytopes, and V — 
Va be the corresponding (stable) reductive variety. 

(1) IfV is nonsingular, then A is a disjoint union of Delzant polytopes plus its 
faces. 

(2) If A is a disjoint union of Delzant polytopes none of whose vertices lie on 
the supporting hyperplanes of A^, plus its faces, then V is nonsingular. 
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Proof. If i7 is a torus acting on a smooth variety Z, then the fixed point set Z 
is also nonsingular. By Theorem 12.41 y^'^s^ is a stable toric variety, a union of 
ordinary toric varieties corresponding to Pi G A. It is nonsingular if and only if the 
maximal polytopes are disjoint and each of them is Delzant. 

In the opposite direction, if none of the polytopes Pi contain vertices on the 
supporting hyperplanes of the positive chamber, then the variety V is toroidal, i.e. 
locally analytically it is isomorphic to times the toric variety corresponding to 
the polytopes Pi. Hence, it is nonsingular if Pi are Delzant. □ 

2.3. Canonical class. According to |Bri97j . the anticanonical divisor of any spher- 
ical variety for group G can be written as 

-Kv = daV + ObG 

Here dcV = ^ is the reduced sum of G-invariant divisors, and dsG = J2 ^pDp 
is the union of i?-invariant, non-G-invariant divisors ("colors"), with uniquely de- 
fined positive coefficients Up. For spherical varieties in general the coefficients Up 
can be arbitrary, and jBri97| provides the precise formula. However, for reduc- 
tive varieties, which are spherical for the group G x G, all coefficients = 2, see 
|ABn2bl Sec.5.2]. We wiU caU dcxcV the vertical and 83 xB-V the horizontal 
parts of the anticanonical divisor (this notation comes from the behavior of these 
boundaries under the moment map). The above formula then becomes 

If A is a complex of polytopes satisfying the conditions of Proposition|^j2) then 
all codimension one faces also satisfy |^f2). Hence, every is a smooth reductive 
variety. In addition, since V is toroidal, the linear system |-Dhor| is basepoint-free. 
Hence, there exists a smooth divisor representing -Dhor- 

2.4. One-parameter degenerations. Let / be a convex rational VK-invariant 
PL function on P. In the same fashion as in the toric case, / defines a (dim V + 1)- 
dimensional "test" family V — + C such that every fiber V* for i ^ is isomorphic 
to V. The construction, contained in |AB02bl Sec. 4.2], is as follows. 

After replacing the polytope P by a large divisible multiple NP, i.e. replacing 
L by , one can assume that the domains of linearity of / are lattice polytopes 

Consider a bigger polytope P in M Ar which is bounded from below by (0, P) 
and from above by the graph of i? — / for some R ^ 0. Then, by the above 
construction, the variety Vp is a projective compactification of the group C* x G, 
and it comes with a natural map tt to P^. The test family V is Vp \ 7r~^(cxD). 
The special fiber 7r~^(0) is a stable reductive variety for the complex of polytopes 
A = {P.}. 

3. Linear part of Mabuchi functional and Futaki invariant 

Every symplectic variety V with a Hamiltonian action of a compact Lie group 
K admits a moment map m : y — > fc* to the dual of the Lie algebra. The moment 
map commutes with the if-action on V and with the coadjoint action of K on k* . 
Therefore, the image is a union of coadjoint orbits. 

Let t C fc be the Cartan subalgebra and let t* C fc* be a splitting of the projection 
k* — > t*. Since every coadjoint orbit intersects the positive Weyl chamber (t*)"*" 
at one point, one obtains a continuous map tt : F — > (t*)+ = A^. By a theorem 
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of Guillcmin-Sternberg |rxS84j the image of V under the moment map mx for a 



maximal torus T d K is a, polytope, and by a result of Kirwan jKir84| the image 
Tr(V) is a polytope. Both polytopes live in the space Ar and both are traditionally 
called moment polytopes. For us, 7r(y) will be important. 

In the case when y is a projective spherical variety for the complexified Lie 
group G = Kc, some general facts about the moment map were established in 
|Bri87j via representation theory. In particular, tt{V) identifies with the Brion's 
moment polytope of a spherical variety. For a reductive variety corresponding to a 
polytope P one thus obtains the moment polytope P"*". 

Let A S Ag be an integral vector. It corresponds to an irreducible G-representation 
Ex . According to the Weyl character formula, dim Ex is given by a polynomial 

h{x) ^ he{X) + he-l{X) + . . . 

written as a sum of its homogeneous parts. 

Any reductive variety is spherical for the action of G x G. For each A S A+ the 
corresponding G x G-representation is End Ex- Let us write its dimension as the 
sum of its homogeneous parts 

dim (End^A) = HiX) = h^{\) = HaiX) + Hd-i{X) + ... 

and extend each to a polynomial function on A^. 

In the previous section, we wrote —Ky and the B x B^-boundary of V in the 
form Dvert + ^hor- The vertical part -Overt is a union of G x G- invariant divisors, 
each of them is a reductive variety corresponding to a face of polytope P modulo 
the VF-action. Under the map it, Dvcrt maps to a union of faces of P~^. As in the 
toric case, for every face F C P we will denote by da the Euclidean measure on F 
induced by the sublattice A^^- = A n M.F. 

The horizontal part Dhor is not G x G-invariant, and it is easy to see that under 
the map tt it maps surjectively onto P+. 

Lemma 3.1. (1) The push-forward of the Liouville measure on V is 

TT* — = {2nYHd{x)dn 
n\ 

(2) Similarly, the push-forward of the Liouville measure on Dvort is 

■^*7 TTT = ['^T^YHd{x)da. 

(n — Ij! 

(3) The push-forward of the Liouville measure on I?hor is 

{2tiY ■2Hd-i{x)dijL. 



(n-1)! 



Proof. This comes out straight from the Riemann-Roch theorem applied to H^{L'^) 
on the variety V and on a single coadjoint orbit Ox for s ;2> 0. The push-forward 
of the Liouville measure is given by integrating uj''^ /n\. On the other hand, the 
Riemann-Roch theorem gives 

i7°(i^)- f ch{L') .Td{T) = s^"^^^ - s^-^-K-^^^^"~^ ' 



2 (n-1)! 

So, the volume of a single coadjoint orbit Ox is given by Hd{X) and the volume of 
the restriction of the horizontal part of —Ky to m^^{Ox) by 2Hd-i{X). Reductive 
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varieties are spherical for G x G-action, so in the decomposition of H^{V, L^) every 
End_EA, A e sP^ appears with multiplicity one; and the formula follows. □ 

Proposition 3.2. K y. K -invariant Kahler metrics on V are in a bijection with W- 
invariant symplectic convex potentials u on P which have the same behavior near 
the boundary of P as in the toric case (i.e. u = '^li\ogli+ a smooth function) . 

Proof. By jGS84l Thm.3.1], w = idd(j) for a some potential (j) on V . The restriction 
(pT of this potential to the toric variety y^'^^sT jg VF-invariant, and hence by the 
toric case, applying the Legendre transform, gives a symplectic potential u on P+. 
Clearly, it has to be VF-invariant. 

Vice versa, every VF-invariant symplectic potential u on P gives a VF-invariant 
potential (/fy on y^'^^s^. By K x X-action, it extends to a unique potential (p on V. 
Here, we are using the fact that for a spherical variety the preimages of coadjoint 
orbits under the moment map are precisely the K x if -or bits. □ 

Theorem 3.3. Let f be a convex rational W -invariant PL function on P. Then 
the Futaki invariant of the corresponding test family is given by the formula 

-Fiif) = TT^-FT ( [ fHdda + 2 [ fH^-i dfi - a [ fH^ dfi 

^Jp+J^d \JdP+ JP+ JP+ 

where 

_ IdP+ Hdda + 2 Jp^ Hd-i dfi 
Jp+ Hd dpi 

Proof. Same as the proof of Proposition 4.2.1 of |Don02| . The difference is that 
this time an integral point A G P^ represents not a one-dimensional vector space, 
as in the toric case, but the vector space Endi?A whose dimension is H{X). We use 
the next lemma to estimate the sum, and get 

A = [ {R-f)Hddfi 
Jp+ 

B = I f f)^dda + [ [R- f)Hd-idfi 

^ Ja+ jp+ 

C = [ Hdd^i 
Jp+ 

D ^ l [ Hdda+ [ Hd-idfi 

^ JdP+ Jp+ 

Substituting Fi = [AD - BC)/2C'^ gives the formula. □ 

Remark 3.4. In the toric case one has Hd = 1, Hd-i — 0, P^ = P and the 
formula reduces to that of Don02. 4.2.1]. 

Lemma 3.5. Let P C M" be a lattice polytope of dimension n and Hd : K" —^ M. 
be a homogeneous polynomial function of degree d. Then for /c 3> 0, 



E 

xekPnZ' 



Hd{X) = /c"+'' / Hddfi + ifc"+^'-i / Hdda + 0(A;"+'^-2) 

Jp ^ J'dP 



IP ^ J'dP 

Proof. Elementary. For a monomial x^^ . . . the computation easily reduces 
to the case of a polytope of dimension n + d and the function Hq = 1, i.e. to 
counting integral points in a polytope, where the analogous formula is well-known 
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(cf. |Donn2l Al]). Alternatively, this is a corollary of a general formula of Pukhlikov 
and Khovanski |PKh93j . □ 

Theorem 3.6. Let u be a W -invariant symplectic potential on P corresponding 
to a Kdhler form lo. Then the linear part of the Mabuchi functional is given by the 
formula 

iC-aiu) = {211)^ I / uHdda + 2 / uHd-idfi — a / uHddfi 
\Jap+ Jp+ J p+ 

where 

_ hp+ Hdda + 2 Jp+ Hd-i d^jL 
Jp+ Hd dfi 

Proof. As in the proof of Proposition 3.2.4 and Lemma 3.2.6 of | Don02 |. we use the 
formula from Proposition II . 51 and compute 



Applying Lemma [3.11 completes the computation. □ 

Therefore, for equivariant compactifications of G, similar to the toric case, the 
two seemingly unrelated functions, Futaki invariant of an equivariant test configu- 
ration and the linear part of Mabuchi functional, are given by the same formula. 
Although they arc defined on different sets, convex PL functions in the first case and 
convex C°°-functions with a prescribed boundary behavior in the second, we can 
approximate one class of functions by another one freely. Hence, in the cases when 
the sign of -Fi, resp. Ca^ is definite, we get the equivalence between (equivariant) 
K-stability and boundedness of Mabuchi functional from below. As a corollary, we 
obtain 

Theorem 3.7 (cf. jDon02j . Prop. 7.1.2). Let V he a smooth equivariant compact- 
ification of a complex reductive group G. Suppose there is a function f G with 
^aif) < 0. Then the Mabuchi functional is not bounded below on the invariant 
metrics and the manifold V does not admit any Kdhler metric of constant scalar 
curvature in the given cohomology class. 

Remark 3.8. This theorem also applies, with the same proof, to a larger class of 
smooth reductive varieties described by Proposition 12. 5f 2). 

4. Examples of G-compactifications without CSC metrics 

We modify Example |Don02l 7.2] appropriately to get a new series of varieties 
Vn without a Kahler metric of constant scalar curvature. 

Donaldson starts with a triangle (0,0), (0,1), (1,0). Working with the corner 
A ~ (0, 0) first, he considers the part of the first quadrant bounded by the x- and y- 
axes and points B = (0, 1/4), C = (1/4,0) and D„ = (r„,r„), where (n — 2)/4(3n — 
5). He then smoothes out the corners B and C by adding very short segments of 
various slopes so that the resulting polyhedral body is Delzant, i.e. at every vertex 
the integral generators of edges form a basis of the standard lattice Z^. 

He then translates this picture symmetrically to the other three corners of the 
original triangle, and calls the resulting polytope P„ . It is clear that P„ is a Delzant 
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polytope which is a "smoothing" of a 9-gon, and that the corresponding smooth 
toric variety Vn can be obtained by repeating blow-ups of the projective plane. The 
polytope represents an ample sheaf L„ on Vn- Donaldson shows that P„ does not 
contain a metric of constant curvature in the cohomology class ci(L„). 

We take G = PGL3. Then Weyl group is S3 acting on A = I? and Ar is divided 
into 6 cones, the chambers. Take a point A far in the interior of the positive 
chamber, at the same distance from both sides. Reflect it symmetrically to obtain 
vertices of a hexagon. At each of the 6 vertices, repeat Donaldson's construction 
close to the corners. 

The resulting polytope P„ is then a Delzant polytope approximating a polytope 
with 3-6 = 18 vertices. The corresponding polarized variety Vn is a compactification 
of G and has dimension 8. It is nonsingular by Proposition 12. 51 

The Weyl character formula gives: 



Here, {x, y) are natural coordinates on A^ n A Z>q. 

We claim that P„ does not have a metric of constant curvature in the cohomology 
class ci(Ln) by exhibiting a convex function / on it with Ca{f) < 0. We use the 
formula of Theorem l3.6l to compute it. 

First, we need to observe that the function 2Hd-i/ reaches its minimum near 
the corner A, therefore near the corner £)„ of P"*" the function 2Hd~aHd is negative. 

Define the function / = f^^n > to be a convex function which is equal to zero 
on the inside of P„ and has a simple crease at the distance e to the point Z3„. Define 
it at other corners by symmetry, to be Ty-invariant. We claim that for rt :i> 1/e » 
one has Ca{f) < 0, as required. Indeed, the expressions 



all have finite positive limits near £)„. The contribution of 9P+ to Ca{f) hi Theo- 
rem 13. fil ls 0[e/n), as Donaldson's computation shows, and is positive. Finally, the 
contribution of the integral over P'^ is approximately e^{2Hd-i — aHd)d^. As we 
observed, this is negative and grows as const -e^. Since 3> e/n, we get Ca{f ) < 0. 
We note that the varieties Vn are not toric. They are, however, reductive varieties. 

In conclusion, we note that Donaldson |Don02| includes a number of conjectures 
and tentative results in the toric case. Using Theorems l3.3l and l3.fil we can generalize 
them to our situation. Once they are established in the toric case, we expect that 
they can be proved in the reductive case, as well. 
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